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ABSTRACT
We obtain explicit formulae for degrees on diagonals, Hadamard products
and Lamperti products.

§0. Introduction

We obtained in [6] a theorem giving a condition for algebraicity of an
element in a formal power series field of positive characteristic. Prof. J.-P.
Allouche and Prof. G. Christol pointed out to me the existence of the works of
H. Sharif and C. Woodcock [9] and J. Denif & L. Lipshitz [3]. They use almost
the same idea as we do. But we found our formulation contains some quanti-
tative aspects. In this short note, we present by our methods the explicit
formulae for degrees on diagonals and products of Hadamard and Lamperti.
This seems to be an answer to the question of Sharif-Woodcock and Deligne
(cf. [9] p. 402, [2] 3.7). It is remarkable that the formulae for degrees on the
products of Hadamard and Lamperti are the same.

§1. In this paper we use all notations and definitions in [6] freely. But for a
polynomial a = a(x) in k[x] we denote size(a) for max, <, <[deg, (a)]. We
also say an element f in K = k((x)) is algebraic of degree (at most) d and size s
if and only if f is a root of a non-trivial polynomial over k[x] which has degree
at most d and has sizes of coefficients at most s.

Recall the following theorem in [6].
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THEOREM (. The following conditions are equivalent for a perfect field k:
(@) fis contained in H (i.e. algebraic over k(x)).

(b) fis contained in an A-stable k(x)-finite submodule M of K.

(c) fis contained in an A-stable k-finite subspace V of K.

And we recall also the following remarks from the proof of the theorem:
(1) dimy(V) Z dimy(M),

(2) M contains all ¢*-th powers of f,

(3) if fsatisfies a non-trivial equation

af*+a; f*"'+ - +a f=0

with coefficients g, in k[x] and size(a))=c¢, then dim(V)=
d-((@° 2+ e+ D™
The following elementary lemma is useful.

LEMMA. Iffisan algebraic element in k((x)) with degree d and size s, then f
satisfies the following non-trivial equation over k[x]:

(*) Caf i ST+ o f=0, size(c) =c,
where, denoting w the smallest integer with q* = d,
c=s[(g*'— Dlg—1)— g "(d - 1]

ProoF oF LEMMA. Let G(X)=qa,;X? +a,_,X*"'+ ... + g, be the non-
trivial polynomial of fin k[x][X] with size(q;) < s. Let

HX)=b,X+b,_ X'+ -+ +b,
with e = d and size(;) < z. Then we have with coefficients in k[x],
aH(f)=aybef* + b, [ + - - + ) —b.f " asf" + - -+ + ay)
=bM, eI+ bV, o4 - 4+ B,
size(bV) <s + z,
GGH(S) = ay0R, [+ b0, f72+ - + b))

—bM, e Nagff+ - +ay)
=b@,f 24+ ... + b0,
size(b?) £ 25 + z,

and in general
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aH()=b2, f"+ b2, [+ oo + b0,
size(b?) = vs + z.
Finally we have forv=e —d + 1
a5 it H(f) = b0 I 4 oL 4 pEdtD,
size(bf“*V)<(e —d + 1)s +z.

For the above-mentioned w and foru =0, ..., d considering H( f) = f**",
we obtain the following 4 + 1 equations:

ag’f " = ST Y, size(cM) Ss(ghtr —d + 1)

By eliminating f¢~',..., f, 1 from the d + 1 equations we obtain the non-
trivial equation

Cdf"“'+cd_1f -Hw+ LU +C0qu=0.
Here

size(c;) = i @t —d+ Ds=s5¢"(1—g**)I(1 — q) — s(d@®—1).

u=0

But after some w-times of successive applications of 4,, the equation takes on
the form (*) of the lemma with

size(c) = c=s(1—q**)(1 —q)—sq*(d*— 1). q.e.d.
§2. In this section we take ¢ = p. The following is the main result of this
paper, and the quantitative version of Corollaries 1, 2 and 3 in [6].

THEOREM. Let fand g be elements in k[[x]] = k[[x,, . . ., X, ]].
(@) If f is an algebraic element in k((x)) of degree d and size s, then the
diagonal D( f) is algebraic of degree at most

expllog(p)-d(s(p?~*+ X p™*' = Di(p — )= s(p* >+ Dp~"(@— 1)+ )]

where w is the smallest integer with p* = d.
(b) Iff(resp. g) is algebraic of degree d, (resp. dy)) and size s, (resp. s,) then the
Hadamard product f » g is algebraic of degree at most

expllog(p)-didsi(p%~ 2+ Ip*! — W(p — )= s(p472+ )p~™(di — D+ 1)"
(s P72+ I(p% = D(p — 1) —s(p%* 2+ D p~™(d3 — 1)+ "],
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where, for i = 1,2, w; is the smallest integer with p* = d,.
(¢c) For m =1 and with the same assumption as in (b), the Lamperti product
AL)g is algebraic of degree at most

expllog(p)-didyfs(p~2+ IXp**' — D(p — D) — s(p% >+ Dp~"(d; — 1)+ 1)
(P2 D(PAT = DIp — D —s{p% 2+ D p~™(di — 1) + 1)),
where, for i = 1, 2, w, is the smallest integer with p* = d,.

PROOF OF THE THEOREM. (a) Diagonal case. Let f be an algebraic element
in k((x)) with degree d and size s. Then by the lemma and (3), f satisfies the
equality (*) and f is contained in an 4-stable finite k-space Vof dim, (V) <e =
d((p?~*+ c + 1)™. So diagonal g = D(f) is contained in the A4-stable k-
space D(V) of dimension at most e. By (1), (2) D(f) is algebraic of degree at
most p°.

(b) Hadamard product. Let f(resp. g) be an algebraic element in k((x)) with
degree d, (resp. d,) and size s, (resp. s,). Then f(resp. g) is contained in an
A-stable k-space V, (resp. V,) of dimension at most

e, =d((p% 2+ I)c,+ 1) (resp. e, =d,((p%~2 + )c, + 1)™.

Let fi, ..., f,, (n, =) (resp. &, . . ., &, (1, = &,)) be basis of V; (resp. V>).
Then, it was proved in [6] that f »g; span A4-stable k-space which contains
f*g and has dimension at most e¢,e,. By (1), (2) the degree of fxg is at
most p&,

(c) Lamperti product. Though the product of Lamperti can be generalized
by an obvious way to several indeterminates, the formulation is rather
complicated. So we consider here the case of a single indeterminate (cf. [6]
Corollary 3). Let f(resp. g) be an algebraic element in k(x) with degree d, (resp.
d,) and size s, (resp. $,), then f(L)g is contained in an 4-stable k-space of degree
at most e,e,. By (1), (2) we deduce that the degree of f(L)g is less than p%=,

Here for i = 1.2

e=d((p%*+ e +1), c=sl(p*"'—DN(p—1)—p"(d} 1)),
and w; is the smallest integer with p* = d,. q.e.d.
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